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Introduction Modular Cusp Forms and L functions

p-adic wavelets

Modular Cusp forms

@ A modular form f : H — C of weight k and level N associated to
a Dirichlet character xy modulo N, which is holomorphic on the
upper half plane H and transforms under the action of I'(N) a
discrete subgroup of SL(2,7Z)

f(v2) = xn(d)(cz + d)*f(2) (1)

P.Dutta p-arton model



| { 9
ntroduction Modular Cusp Forms and L functions

p-adic wavelets

Modular Cusp forms

@ A modular form f : H — C of weight k and level N associated to
a Dirichlet character xy modulo N, which is holomorphic on the
upper half plane H and transforms under the action of I'(N) a
discrete subgroup of SL(2,7Z)

f(v2) = xn(d)(cz + d)*f(2) (1)

@ Using z — z + 1 above, one sees that a modular form f of the full
modular group has the following Fourier expansion in terms of
2miz -
qg=¢eT%:

f(z)=>_ a(n)q" (2)

n=0
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p-adic wavelets

Modular Cusp forms

@ A modular form f : H — C of weight k and level N associated to
a Dirichlet character xy modulo N, which is holomorphic on the
upper half plane H and transforms under the action of I'(N) a
discrete subgroup of SL(2,7Z)

f(v2) = xn(d)(cz + d)*f(2) (1)

@ Using z — z + 1 above, one sees that a modular form f of the full
modular group has the following Fourier expansion in terms of
2miz -
qg=¢eT%:

f(z)=>_ a(n)q" (2)

n=0

@ A cusp form is a modular form that vanishes at Im(z) — oo or
equivalently g — 0. Implies a(0) = 0.
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p-adic wavelets

Dirichlet series of a Cusp form

@ A Dirichlet series of a cusp form is defined by the coefficients in
its g-expansion :

L(s.f)=" algf 3)
n=1
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p-adic wavelets

Dirichlet series of a Cusp form

@ A Dirichlet series of a cusp form is defined by the coefficients in
its g-expansion :

L(s.f)=" algf 3)
n=1

@ This can be obtained by the Mellin transform of the cusp form :

L(s.f) = BT / dy > 1(iy) 4
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p-adic wavelets

Dirichlet series of a Cusp form

@ A Dirichlet series of a cusp form is defined by the coefficients in
its g-expansion :

L(s.f)=" algf 3)
n=1

@ This can be obtained by the Mellin transform of the cusp form :

L(s.f) = BT / dy > 1(iy) 4

@ An example is the discriminant function which is a cusp form of
weight 12:

2)=q]J(1 - g7 (5)
n=1
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p-adic wavelets

@ It exhibits a g expansion :
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Mo orms and L functions
p-a

@ It exhibits a g expansion :

=Y 7(nq" (6)
n=1
@ The coefficients 7(n) satisfy the following properties :
T(m)T(n) 7(mn)if gcd (m,n) =1 (7)
7(p™") = 7(p)r(p™) — P r(p™)ym >0 8)
Im(p)| < 2,,% (9)
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Mo orms and L functions
p-a

@ It exhibits a g expansion :

=Y 7(nq" (6)
n=1
@ The coefficients 7(n) satisfy the following properties :
T(m)T(n) 7(mn)if gcd (m,n) =1 (7)
7(p™") = 7(p)r(p™) — P r(p™)ym >0 8)
Im(p)| < 2,,% (9)

@ In general the coefficients a(n) of a modular form of weight k and
level N satisfy :

a(m)a(n) = a(mn) if ged (m,n) =1 (10)
a(p™") = a(p)a(p™) — x(p)P*~'a(p™")m > 0

P.Dutta p-arton model



Introduction

Modular Cusp Forms and L functions

p-adic v lets

@ Using these properties, L(s, f) exhibits an Euler product :

s =320 _ T (1-a@p + @ 2)" (1)

n=1 pEprimes
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Modular Cusp Forms and L functions

p-adic v lets

@ Using these properties, L(s, f) exhibits an Euler product :

s =320 _ T (1-a@p + @ 2)" (1)

n=1 pEprimes

@ Note the quadratic form in the denominator.
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Introduction Modular Cusp Forms and L functions

p-adic velets

@ Using these properties, L(s, f) exhibits an Euler product :

Ls.H=3" _ T (- a(p)p==+ x(p)p*Tp )" (1)

nS
n=1 pEprimes

@ Note the quadratic form in the denominator.

@ The motivation of our work is to find a dual description of the
g-expansion via p-adic wavelets, which we shall call p-artons,
and associate the Euler factor of the corresponding L-function
with the Mellin transform of the p-artons.
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p-adic velets

@ Using these properties, L(s, f) exhibits an Euler product :

L) =32 T (- app + x@p ) (1)

n=1 pEprimes

@ Note the quadratic form in the denominator.

@ The motivation of our work is to find a dual description of the
g-expansion via p-adic wavelets, which we shall call p-artons,
and associate the Euler factor of the corresponding L-function
with the Mellin transform of the p-artons.

@ The relation of the construction discussed, to the classical theory
of Automorphic forms is not studied.
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p-adic wavelets

p-adic wavelets

@ The analog of the Haar wavelets on R are the Kozyrev wavelets
on Qp:

n 27i,
Uiim, () = pf expl =i X100 x —m) - (12)

/ wn m]( )1/Jn’ m /’( ) = 5nn’§mm’5jj/ (13)
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p-adic wavelets

@ The analog of the Haar wavelets on R are the Kozyrev wavelets
on Qp:

n 2mi .
W) (x) = p? exp[%’/p"x]szp(p"x —m)  (12)

/ wn m/ n’ m’ /’( )= Onn Oy Oj (13)

@ whereneZ, me Qp/Zpandj=1,2,...,p—1and

1 if|x — Xolp < 1

, X, Xo € 14
0 otherwise 0€Q (14)

Qp(x, %) = {
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p-adic wavelets

p-adic wavelets

@ The analog of the Haar wavelets on R are the Kozyrev wavelets
on Qp:

n 2mi .
W) (x) = p? exp[%’/p"x]szp(p"x —m)  (12)

/ wn m/ n’ m’ /’( )= Onn Oy Oj (13)

@ whereneZ, me Qp/Zpandj=1,2,...,p—1and

1 if|x — Xolp < 1

, X, Xo € 14
0 otherwise 0€Q (14)

Qp(x, %) = {

@ The above can be obtained from the mother wavelets %f’& (x) by
action of the affine group just like in the real case.
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Modular Cusp Forms and L functions

wavelets

@ These are eigenfunctions of the Vladimirov derivative, defined as:

1 H(X) = f(x)
D2\ f(x) = d 15
UL [ o) —a)/ X Ix — x|t (19
dx ix —«
r(p)(—a):/x A (16)
Qp p
Dy ) (x) = p0="y®) (x) (17)
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Modular Cusp Forms and L functions

wavelets

@ These are eigenfunctions of the Vladimirov derivative, defined as:

1 H(X) = f(x)
D2\ f(x) = d 15
UL [ o) —a)/ X Ix — x|t (19
dx ix —«
r(p)(—a):/x A (16)
Qp p
Dy ) (x) = p0="y®) (x) (17)

@ Our interest is only on the index n related to the scaling. We will
use the ket-notation associated with the wavelet when ever
possible:

PE L (x) <= 1= n) (18)

p)
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p-adic wavelets

@ We can define raising and lowering operators agf) on the
wavelets that changes the scaling quantum number by one:

aPpB () =98 o () = Ay = InF 1)y (19)
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@ We can define raising and lowering operators agf) on the
wavelets that changes the scaling quantum number by one:

aPpB () =98 o () = Ay = InF 1)y (19)

@ We restrict ourselves to the subspace spanned by set
{wﬁ,’fg,,1(x) |n=1,0,-1,-2,---}, supported on p~'Z, , which
defines a subspace H) c [2(p~17Z,).
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@ We can define raising and lowering operators agf) on the
wavelets that changes the scaling quantum number by one:

aPpB () =98 o () = Ay = InF 1)y (19)

@ We restrict ourselves to the subspace spanned by set
{wﬁ,’fg,,1(x) |n=1,0,-1,-2,---}, supported on p~'Z, , which
defines a subspace H) c [2(p~17Z,).

@ The wavelets supported on this subset, correspond to the eigen
values {1,p,p?, ...} of the operator Dy
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p-adic wavelets

@ We can define raising and lowering operators agf) on the
wavelets that changes the scaling quantum number by one:

aPpB () =98 o () = Ay = InF 1)y (19)

@ We restrict ourselves to the subspace spanned by set
{wﬁ,’fg,,1(x) |n=1,0,-1,-2,---}, supported on p~'Z, , which
defines a subspace H) c [2(p~17Z,).

@ The wavelets supported on this subset, correspond to the eigen
values {1,p,p?, ...} of the operator Dy

@ When restricted to this subspace, we demand that the wavelet
) 1 (x) is the ground state:

a?|0)p =0 (20)
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Vectors for modular cusp forms F

Dual of the g-expansion

@ We use the prime factorization of a natural number n € N to
relate it to a wavelet in @) ¢ ®pQp :

n  =][p*— (21)
)

X M)y = IM2)2) © [Na)(3) @ [Ns)(5) ® [M7)(7) @ - -
p
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Vectors for modular cusp forms F

Dual of the g-expansion

@ We use the prime factorization of a natural number n € N to
relate it to a wavelet in @) ¢ ®pQp :

n  =][p*— (21)
D
X M)y = IM2)2) © [Na)(3) @ [Ns)(5) ® [M7)(7) @ - -
p

@ Here all but a finite number of n, are zero.
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Vectors for modular cusp forms

Dirichlet L-functions

Dual of the g-expansion

@ We use the prime factorization of a natural number n € N to
relate it to a wavelet in @) ¢ ®pQp :

n  =][p*— (21)
D
X M)y = IM2)2) © [Na)(3) @ [Ns)(5) ® [M7)(7) @ - -
p

@ Here all but a finite number of n, are zero.
@ Next we associate with a cusp form a vector in HP):

f=Za(n)q":Z( a(p"p))qﬂp”p (22)
n=1 np,=0 P

o0

— Z@a ") M)
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Vectors for modular cusp forms

-functions

@ Which can be simplified using the multiplicative property of the
coefficients, and by action of the lowering operator on the ground
state: |np) = a™|0) ()

o0

Y a(2™)In2) @) ® a(3™)Ins) @) ® a(5™)Ins)s) © -

np,ng,ng,
..2=0

= Z ®a a”|0)p) (23)
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Vectors for modular cusp forms

ducts of Diri

@ Which can be simplified using the multiplicative property of the
coefficients, and by action of the lowering operator on the ground
state: |np) = a™|0) ()

o0

Y a(2™)In2) @) ® a(3™)Ins) @) ® a(5™)Ins)s) © -

"2v”3 LGN
=0

= Z ® a”|0) (23)

@ Which can be rearranged to write :

R (1 -aPa +p ")) 10p =R lip) @4

o
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Vectors for modular cusp forms

ducts of Diri

@ Which can be simplified using the multiplicative property of the
coefficients, and by action of the lowering operator on the ground
state: |np) = a™|0) ()

o0

Y a(2™)In2) @) ® a(3™)Ins) @) ® a(5™)Ins)s) © -

"2v”3 LGN
=0

= Z ® a”|0) (23)

@ Which can be rearranged to write :

R (1 -aPa +p ")) 10p =R lip) @4

o

@ Or to say that |f) is a tensor product of vectors in each of the p-th
sector.
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-functions

@ We consider the vector |f(p)> e H® as the p-th p-arton, i.e. ’part’
of the cusp form f at the prime p.
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Vectors for modular cusp forms

@ We consider the vector |f(p)> e H® as the p-th p-arton, i.e. ’part’
of the cusp form f at the prime p.

@ The operator acting on the ground state resembles the form of
the Euler factor for prime p of the L- function associated with f.
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Vectors for modular cusp forms

ducts of Diri

@ We consider the vector |f(p)> e H® as the p-th p-arton, i.e. ’part’
of the cusp form f at the prime p.

@ The operator acting on the ground state resembles the form of
the Euler factor for prime p of the L- function associated with f.

@ Explicitly, for each [f()) we have a fi5)(x(p)) supported on p~'7Z, :

o0

fioy (X)) = D ™), 01(Xp) (25)

np=0
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Vectors for modular cusp forms

@ We consider the vector |f(p)> e H® as the p-th p-arton, i.e. ’part’
of the cusp form f at the prime p.

@ The operator acting on the ground state resembles the form of
the Euler factor for prime p of the L- function associated with f.

@ Explicitly, for each [f()) we have a fi5)(x(p)) supported on p~'7Z, :

o0

fioy (X)) = D ™), 01(Xp) (25)

np=0

@ In summary, according to this correspondence, a cusp form
f: H — C is equivalent to the infinite set of functions
fio) - Qp — C, one function for each prime p. The two are
equivalent in the sense that from f we can get (fz), f3), f5), - -)
and vice versa.
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e Vectors for modular cusp forms

@ Melin transform of the p-arton
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Vectors for modular cusp forms

f Dirichlet L-functions

Melin transform of the p-arton

@ Consider the Mellin transform defined using the unitary character
2mil
we = e » *Xl> which determines a phase depending on the
leading p—adic 'digit’ of x :
6.(5) = Miplol(s) = | d"x e’ x5 g0,
P
seCand¢=0,1,--- ,p—1 (26)
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Vectors for modular cusp forms u { iielzaiton

of Dirichlet L-functions

Melin transform of the p-arton

@ Consider the Mellin transform defined using the unitary character

we = €77 *¥lo which determines a phase depending on the
leading p—adic 'digit’ of x :

~ 2mil | x
9.(s) = Mpuldl(s) = | d*xes P x5 g(x),
o

seCand¢=0,1,--- ,p—1 (26)

@ Using the above the Mellin transform of the Kozyrev wavelet
1¥n,0,1(Xx) can be evaluated :

1 1
M(p,w)[¢n,1,0](s) = - <p(1 _ p—s) - ps _

] 01,0 — 5/,p—1> Pn(s_%) (27)
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f Dirichlet L-functions

Vectors for modular cusp forms

Melin transform of the p-arton

@ Consider the Mellin transform defined using the unitary character
— % XXl whi i i
we = € » “"IP which determines a phase depending on the
leading p—adic 'digit’ of x :
~ 2mie y x
9.(8) = Mp.w[9l(s) = . d*x e r x5 g(x),
79
seCand¢=0,1,--- ,p—1 (26)

@ Using the above the Mellin transform of the Kozyrev wavelet
1¥n,0,1(Xx) can be evaluated :

1 1
Mpwyln,1,0](8) = — (

p(—p=) p =i~ %—1) p's=2) (27)

@ Thus the Mellin transform of the p-arton yields:

oo

Mpey [io) (X)) (8) = colt,8) S a(p™) pti=m)(s=2)  (28)

np=0
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Vectors for modular cusp forms

Dirichlet L-functions

@ We can combine the results for all the primes, the Mellin
transform of the full wavefunction associated with the modular
form is then (plugging in same argument for all the primes):

Mpw) [(E@), €@ €6) )T (8)
—HM(pw f(p)]( )

—Hcpﬂs Z (p™)pl1=")(s=3)
np,=0

- <rp[ ol s)ps-%> L <s -1 f) (29)
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Vectors for modular cusp forms

f Dirichlet L-functions

@ We can combine the results for all the primes, the Mellin
transform of the full wavefunction associated with the modular
form is then (plugging in same argument for all the primes):

Mpw) [(E@), €@ €6) )T (8)
—HM(pw f(p)]( )

—Hcpﬂs Z (p™)pl1=")(s=3)
np,=0

- <rp[ ol s)ps-%> L <s -1 f) (29)

@ Although the infinite product in the prefactor depends on ¢, which
is different for different prime, this is reminiscent of the Mellin
transform of the modular form to start with.
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Products of Dirichlet L-functions

Hecke operators

@ Next our goal would be to have some operational understanding
of the Hecke operators over these vectors.
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Products of Dirichlet L-functions

Hecke operators

@ Next our goal would be to have some operational understanding
of the Hecke operators over these vectors.

@ Recall the Hecke operators T(m), m € N, are a set of commuting
operators with action on an eigen cusp-form :

T(m)f(z) = a(m)f(z) (30)

P.Dutta p-arton model



Dual of the

Melin trans

He:

Products of Dirichlet L-functions

Vectors for modular cusp forms

Hecke operators

@ Next our goal would be to have some operational understanding
of the Hecke operators over these vectors.

@ Recall the Hecke operators T(m), m € N, are a set of commuting
operators with action on an eigen cusp-form :

T(m)f(z) = a(m)f(z) (30)
@ They satisfy the following algebraic identities :

T(m)T(n)=T(mn)formtn (31)
T(p)T(p") = T(P™*") + x(p)p" ' T(p* ) (32)
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Vectors for modular cusp forms

Hecke operators

@ Next our goal would be to have some operational understanding
of the Hecke operators over these vectors.

@ Recall the Hecke operators T(m), m € N, are a set of commuting
operators with action on an eigen cusp-form :

T(m)f(z) = a(m)f(z) (30)

@ They satisfy the following algebraic identities :

T(m)T(n)=T(mn)formtn (31)
T(p)T(p") = T(P™*") + x(p)p" ' T(p* ) (32)

@ On the g expansion, the action of T(p) can be written using two
operators:
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[\
Hecke operators
Products of Dirichlet L-functions

@ V(m) gives a new series by replacing each g" in f by ¢"".

(V(m)f) (2) =Y a(ng™ =Y a(n)e?™™? = f(mz)
n=1 n=1
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Vectors for modular cusp forms

@ V(m) gives a new series by replacing each g" in f by ¢"".

(V(m)f) (2) =) _a(mq™ = a(n)e*™™* = f(mz)
n=1 n=1
(33)
@ U(m) which gives a new series by replacing g” by g= for n
divisible by m :
) N 1 m—1 z +_/
Wmn 2 = S atmat = 2 Y- r(5)

(mln) =0

(34)
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Vectors for modular cusp forms

@ V(m) gives a new series by replacing each g" in f by ¢"".

(oo}

(V(m)f) (2) =) _a(mq™ = a(n)e*™™* = f(mz)

n=1 n=1

(33)

@ U(m) which gives a new series by replacing g” by g= for n
divisible by m :

i m—1 ;
(Umf)(2) = Y a(n)gn = 15 f<2+f>
(34)

@ Hence a Hecke operator for a prime argument can be given as :
T(p) = U(p) + x(P)P" "' V(p) (35)



Vectors for modular cusp forms

@ The actions of U and V remind us of the raising and lowering
operators on the wavelets, U ~ a; and V ~ a_

> ap™)n) Za n+1)=>"a(p"")n)
n=0 =0 n=1
> alpn)iny = Za )In—1) =" a(p"")n)
n=0 =1 n=0
=a(p) Y _a(p")|n 1y
n=0
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Vectors for modular cusp forms

@ The actions of U and V remind us of the raising and lowering
operators on the wavelets, U ~ a; and V ~ a_

> ap™)n) Za n+1)=>"a(p"")n)
n=0 =0 n=1
> alpn)iny = Za )In—1) =" a(p"")n)
n=0 =1 n=0
=a(p) Y _a(P")n) — x(p)p* ') a
n=0 n=1

@ Thus we can define the following Hecke operator for a prime
argument :

T(p) =a; + x(p)p*'a_ (36)
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Vectors for modular cusp forms

@ This gives the action of T(p) :
T(P) [f(e)) = a(p) |fe)) (37)
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ This gives the action of T(p) :
T(P) [f(e)) = a(p) |fe)) (37)

@ Unfortunately the self adjointness of x*%(p) T(p) is not straight
forward under a suitably chosen inner product.
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ This gives the action of T(p) :
P) i) = alp) [F)) (37)

@ Unfortunately the self adjointness of x*z(p) T(p) is not straight
forward under a suitably chosen inner product.

@ ltis found to be more convenient to use set of wavelets which are
orthogonal under multiplicative invariant measure :

w8 (x) = IxI3 o), (x) (38)
ax
/Q E wgpm( \Ilﬁ,’,)m / danm n/01(X):5nn/
P
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ This gives the action of T(p) :
P) i) = alp) [F)) (37)

@ Unfortunately the self adjointness of x*z(p) T(p) is not straight
forward under a suitably chosen inner product.

@ ltis found to be more convenient to use set of wavelets which are
orthogonal under multiplicative invariant measure :

w8 (x) = IxI3 o), (x) (38)
ax
/Q E wgpm( \Ilﬁ,’,)m / danm n/01(X):5nn/
P

@ Using these we define a slightly modified p-arton :

_kt
fio) (x Z P " a( np)ws{)np,(m (X(p)) (39)
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Vectors for modular cusp forms

[\
Hecke operators
Products of Dirichlet L-functions

@ Define the inner product of two functions with respect to the
scale invariant measure d*x on Q;:

(f0)9()) = /@ x5 () g (X) (40)
)
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ Define the inner product of two functions with respect to the
scale invariant measure d*x on Q;:

(fo)|9(0)) / d* x £5)(X) 9(p)(X) (40)
@ Define the raising and lowering operators :
afp(x) =301 Jor d*Y vy 0.4 (X )‘ng)np,o1(}’)f(p)(}’)
afp(x) =Y ofor YO o W o (M)
(41)
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ Define the inner product of two functions with respect to the
scale invariant measure d*x on Q;:

(to|90) / o 1, (%) 9 (X) (40)

@ Define the raising and lowering operators :
8t (x) = Loy Jor Y VE L o W o ()

afp(x) =Y ofor YO o W o (M)
(41)

@ From which one can check a/. = a-. Then one can show :

_ k=1
T(p)p) = (3 + x(p)a®? ) f(p) = p~ %" a(p)f(e
and  T'(p) = x*(P)T(p) (42)



Vectors for modular cusp forms

[\
Hecke operamrs
Products of Dirichlet L-functions

@ This implies orthogonality for two eigen functions f and g of T(p) :

P~ (a(p) - /dxxg(p X)fp)(x)=0  (43)
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Vectors for modular cusp forms

[\
Hecke operamrs
Products of Dirichlet L-functions

@ This implies orthogonality for two eigen functions f and g of T(p) :

P~ (a(p) - /dxxg(p X)fp)(x)=0  (43)

e This also means x*2(p)as(p) are real.
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ This implies orthogonality for two eigen functions f and g of T(p) :

P (alp) ~ X(PI%(P) [ I Xl (Mn() =0 (49

e This also means x*2(p)as(p) are real.

@ From the inner product, the Parseval indentity can be deduced in
terms of the Euler factor of the L function, via the Mellin
transform:

(fo)|9m) (44)

_ "2”7: O'Z"W”dt <L,(p)(k21 4 it>>* (Lg(p)(k21 + it))
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Vectors for modular cusp forms

Products of Dirichlet L-functions
@ This implies orthogonality for two eigen functions f and g of T(p) :

P~ T (a(p) — / d*xg{p)(X)fp(x) =0  (43)

e This also means x*2(p)as(p) are real.

@ From the inner product, the Parseval indentity can be deduced in
terms of the Euler factor of the L function, via the Mellin
transform:

(f0)90)) (44)
_Inp [ k=1 3\ k-1 .
= or A at <Lf(p) (T + It>> (Lg(p)(z + It))

© Which after evaluation yields: -, p~*~"%g;(p™)aq(p"™)
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ From the roots ay(p) = ptk~1/2e/1(P) and
as(p) = ptk—1)/2g=I2(P) of the quadratic in the denominator of
the local function L,(s, f), one can deduce :

1 1
a(p) = 2cos (a1 + az) T etlerm02)

X(p) — e/(a1(p)—ag(p)) (45)
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ From the roots ay(p) = ptk~1/2e/1(P) and
as(p) = ptk—1)/2g=I2(P) of the quadratic in the denominator of
the local function L,(s, f), one can deduce :

1 1
a(p) = 2cos (a1 + az) T etlerm02)

X(p) — e/(a1(p)—ag(p)) (45)

@ Which is consistent with the condition on the growth of the
coefficients a(p).
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ From the roots ay(p) = ptk~1/2e/1(P) and
as(p) = ptk—1)/2g=I2(P) of the quadratic in the denominator of
the local function L,(s, f), one can deduce :

1 i
sl +az)pz LA

X(p) — e/(a1(p)—ag(p)) (45)

a(p) = 2cos

@ Which is consistent with the condition on the growth of the
coefficients a(p).

@ The function L, (s, f) is the generating function of the orthogonal
Chebyshev polynomial of type Il, denoted by U,(x), with

0=3(y+ax)and t = p'7 —Set(ai—az),

1- 2tcost9 + 12 Z Un(cos 0)t (46)
Unt1(§) = 2¢Un(§) — Un—1(€)7 Uo(§) = 1and Ui (&) = 2¢



Vectors for modular cusp forms

Products of Dirichlet L-functions

@ The orthogonality of the p—artons f, g or the corresponding L,
functions becomes a consequence of the expression of identity :

>~ Un(cos ¢)Un(cos ¢') o< 8(¢ — ¢') (47)
n=0
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ The orthogonality of the p—artons f, g or the corresponding L,
functions becomes a consequence of the expression of identity :

>~ Un(cos ¢)Un(cos ¢') o< 8(¢ — ¢') (47)
n=0

@ This explicitly proves the orthogonality of the p-artons which are
eigen functions of the Hecke operator defined.
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Vectors for modular cusp forms

@ The orthogonality of the p—artons f, g or the corresponding L,
functions becomes a consequence of the expression of identity :

>~ Un(cos ¢)Un(cos ¢') o< 8(¢ — ¢') (47)
n=0

@ This explicitly proves the orthogonality of the p-artons which are
eigen functions of the Hecke operator defined.

@ The appearance of the Chebyshev polynomials of type Il in
similar context, have been noticed by Conrey et.al and Serre.
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Vectors for modular cusp forms

@ The orthogonality of the p—artons f, g or the corresponding L,
functions becomes a consequence of the expression of identity :

>~ Un(cos ¢)Un(cos ¢') o< 8(¢ — ¢') (47)
n=0

@ This explicitly proves the orthogonality of the p-artons which are
eigen functions of the Hecke operator defined.

@ The appearance of the Chebyshev polynomials of type Il in
similar context, have been noticed by Conrey et.al and Serre.

@ Next, we intend to study a class of functions for which these
properties will be manifest by construction.
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Vectors for modular cusp forms H

Products of Dirichlet L-functions

Outline

e Vectors for modular cusp forms

@ Products of Dirichlet L-functions
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Vectors for modular cusp forms .

ts of Dirichlet L-functions

Products of Dirichlet L-functions

@ We look at a simpler case of a Dirichlet L-function, corresponding
to the Dirichlet character v :

v 1
N I = B

n=1 P € primes
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Vectors for modular cusp forms

Products of Dirichlet L-functions

Products of Dirichlet L-functions

@ We look at a simpler case of a Dirichlet L-function, corresponding
to the Dirichlet character v :

= v(n) 1
L(s,v) = — = [ — (48)
; n® pel;lmes (1 —v(p)p~*)
@ Our goal is to use it to mimic the properties of a modular
L-function.
oL(s,v) = L(s,v)L(s,v) =] 1

5 (1 =v(p)p=*) (1 —v*(P)p~°)

= a(n) 1
nz;: ns 1;[ (1 — 2cos(argvp)p~* + p=25)
(49)
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Vectors for modular cusp forms

Products of Dirichlet L-functions

Products of Dirichlet L-functions

@ We look at a simpler case of a Dirichlet L-function, corresponding
to the Dirichlet character v :

= v(n) 1
L(s,v) = — = [ — (48)
; n® pel;lmes (1 —v(p)p~*)
@ Our goal is to use it to mimic the properties of a modular
L-function.
oL(s,v) = L(s,v)L(s,v) =] 1

5 (1 =v(p)p=*) (1 —v*(P)p~°)

= a(n) 1
nz;: ns 1;[ (1 — 2cos(arg vp)p~—* + p~25)
(49)

@ v* is the complex conjugate of the character v
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ Alocal factor »Lp(s, ) at a prime p can be recognized as the
generating function of the Chebyshev polynomial of type Il.

1
(1 — 2cos(argvp)p~—s + p—25)

= 3" Un,(cos(arg vp))p "

np=0

2Lp(sa V) =

(50)
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Vectors for modular cusp forms

@ Alocal factor »Lp(s, ) at a prime p can be recognized as the
generating function of the Chebyshev polynomial of type Il.

1

L = = U —SMp
2Lol8) = (T Zoos(ugrp e 5 — 2o, Un(COSE P
(50)
@ The Dirichlet L- function is related to the J-series :
Iz, v) =D v(n)n-e™m N (51)

nez
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Vectors for modular cusp forms

ope
Products of Dirichlet L-functions

@ Alocal factor »Lp(s, ) at a prime p can be recognized as the
generating function of the Chebyshev polynomial of type Il.

1

= = —SMp
2lp(s,v) (1 —2cos(arg vp)p—° 1 p 2°) r;) Un,(cos(arg vp))p
=
(50)
@ The Dirichlet L- function is related to the J-series :
Iz, v) =D v(n)n-e™m N (51)

nez

@ Here v is a primitive Dirichlet character modulo N and
e = 1(1 — v(—1)) takes the value 0 or 1 depending on whether v
is even or odd, respectively. The Mellin transform of the above is
the L-function :

(m/N)Z > dy
L(s,v) = 2F(~°’+E)/O yy 19(’}’7) (52)
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Vectors for modular cusp forms

@ Using this the product 2 L(s, v) can be written as :

ZL(Svl/)
T S+e
- 4((|'/(li)’€))2/ d}/1/ dyz (yiy2) =~ 0(iys, v)9(iya, v")
2
4(7/N)ste > > d 2
=Ty ol Srey) e
2 n=
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Vectors for modular cusp forms

@ Using this the product 2 L(s, v) can be written as :
oL(s,v)

:(7T/N)S+e/ dy1/ dyz (y1y2) =~ 0(iys,v)9(iye, v*)

4(r(s))°
_A(r/N)STE & Ay ee 2mn
_( S+e 22( / yy+K<Ny) (83)

@ We observe that 2 L(s,v) is the Mellin transform of the
convolution of the two ¥—series.
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Vectors for modular cusp forms

opel
Products of Dirichlet L-functions

@ Using this the product 2 L(s, v) can be written as :

oL(s,v)
T N S+e .
:%/ d}’1/ dyz (y1y2) =~ 9(iyr, v)0(iy2, v*)
4(T(%%°))
_A(r/N)STE & ady eie 2rn
—(S+€ZZ( /ny =Ty (53)
@ We observe that 2 L(s,v) is the Mellin transform of the
convolution of the two —series.
@ We know that the ¥—series has the following transformation
property:

2 ('w) =V )ity (54)
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Vectors for modular cusp forms

opel
Products of Dirichlet L-functions

@ Using this the product 2 L(s, v) can be written as :
oL(s,v)

_ (a/my s -
e @, b e

NS+€
iy meor () e

( S+e

@ We observe that 2 L(s,v) is the Mellin transform of the

convolution of the two ¥—series.
@ We know that the ¥—series has the following transformation

property:

i B yate . .
0 (o) = Loty (54

2

1
@ where 7(v) = ) 1(m)e®>™™/N is the Gauss.

0
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Vectors for modular cusp forms

@ As a consequence :

o s .
LGl
o YV \wy

o0 ! H
=yt / dl, ¥ ('y v) I(iyy', v*) (55)
o Y y
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Vectors for modular cusp forms

@ As a consequence :

oo ! H HY
L5 Grv) ()
o ¥ \wy y
d
=y‘+26/0 yy ﬂ(;’ v) Wiy, v*) (55)

@ ltis interesting to note this property, as the explicit expression on
the RHS of (53), are reminiscent of the harmonic Maass-like
waveforms, restricted to purely imaginary argument of weight 0:

MN(X+ /y) ~ \/yf X,y,v Zan ny \/7K0 < y) 27rinX/N (56)
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Vectors for modular cusp forms

@ As a consequence :

o0 / [ ns/'
b G ()
o YV \wy y

— yit2e ay’ (y V) v 55
y /0 y,ﬂ 1% d(iyy',v*) (55)

@ ltis interesting to note this property, as the explicit expression on
the RHS of (53), are reminiscent of the harmonic Maass-like
waveforms, restricted to purely imaginary argument of weight 0:

MN(X+ /y) ~ \/yf X,y,v Zan ny \/7K0 < y) 27rinX/N (56)

@ Nevertheless the y — 1/y transformation of the series when
x = 0 is similar to what appears in Koshliakov identities. v even
henceforth.
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ The motivation to do this was to construct a p-artonic model for
such a function by choosing the p-th factor:

toy(v,X) = Y a(EP)WP, o, ()= Uy (cos(argvp)) WP, o (x)
np=0 np=0
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Vectors for modular cusp forms

@ The motivation to do this was to construct a p-artonic model for
such a function by choosing the p-th factor:

toy(v,X) = Y a(EP)WP, o, ()= Uy (cos(argvp)) WP, o (x)
np=0 np=0

@ As a consequence :
(f(P)(Vf)|g(P)(V9)) = f(@; dXX fz(p)(yﬁx) g(P)(V97X)
= Z,‘j:zo Un, (cos(arg s ,)) Un,(cOs(arg vg,p)) o< buyug (57)

P.Dutta p-arton model



Vectors for modular cusp forms

@ The motivation to do this was to construct a p-artonic model for
such a function by choosing the p-th factor:

toy(v,X) = Y a(EP)WP, o, ()= Uy (cos(argvp)) WP, o (x)
np=0 np=0

@ As a consequence :
(fo ()|9(p)(va)) = f@; d*x 1) (, X) 9(p) (vg, X)
= Z,‘j:zo Un, (cos(arg s ,)) Un,(cOs(arg vg,p)) o< buyug (57)

@ Hence the inner product of their tensor products are orthogonal :

(fen)la(ve)) = [T (fo)(v0)|9(0)(va))

p

[1> &™) a(e™)

p np=0
o0

= Y af(n)ag(n) (58)
n=1



Vectors for modular cusp forms

Products of Dirichlet L-functions

@ An analogous inner product exists on the space of Maass-like
wave forms in the rectangular region {—§ < |x| < &, y > 0}:

(f(n)|a(ve))

> N/2 i(n— > d 2rm 2rny
_ ar(maa(n dx e27r/(n m)x/N/ lK ( y) K < )
> aitman) [ " Vi () 0o (B

m,n=1
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ An analogous inner product exists on the space of Maass like
wave forms in the rectangular region {—§ < |x| < &, y > 0}:

f (e |g l/g)>
Nz, N dy, (2mmy 2rny
_Zaf(mag(n)/ dx g&(n=mx/ / K( N )Ko< N )

m,n=1

@ Which yields the same sum over the coefficients a; (n)ag(n)
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Vectors for modular cusp forms

@ An analogous inner product exists on the space of Maass like
wave forms in the rectangular region {—§ < |x| < &, y > 0}:

f (e |g l/g)>

N/2
= Z a (m ag(n)/ dxe27r/n m)x/N/ dyK (271’[(/77y) K, <271,-\[I7y>

m,n=1

@ Which yields the same sum over the coefficients a; (n)ag(n)

@ The above inner products can be related to the inner product of
the corresponding L-functions :

{)lae)) = DD ai(n)ag(m)dm (59)
n=1 m=1
1 [T g (n) <= ag(n)
- Tleooﬁ _-,—dt Z n;%flf Z ng%ﬂt
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ The final expression, although although obtained via some
formal manipulation, is a Perseval type identity, interpreted as an
inner product (2L¢|2Lg)
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ The final expression, although although obtained via some
formal manipulation, is a Perseval type identity, interpreted as an
inner product (2L¢|2Lg)

@ Hence the family of L-functions seem to be orthogonal.
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Vectors for modular cusp forms

Products of Dirichlet L-functions

@ The final expression, although although obtained via some
formal manipulation, is a Perseval type identity, interpreted as an
inner product (2L¢|2Lg)

@ Hence the family of L-functions seem to be orthogonal.

@ The expression is not verified numerically.
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Outlook

@ We leave the study of the action of the group GL(2, Q,) on these
p-artons to the future. This might have connection to the
classical theory of Automorphic forms.
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Outlook

@ We leave the study of the action of the group GL(2, Q,) on these
p-artons to the future. This might have connection to the
classical theory of Automorphic forms.

@ The construction is also suggestive of a holographic
correspondence, where the data of a function f in the upper half
of the complex plane is related to ®,Qp, which in turn is related
to R =0H
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Outlook

@ We leave the study of the action of the group GL(2, Q,) on these
p-artons to the future. This might have connection to the
classical theory of Automorphic forms.

@ The construction is also suggestive of a holographic
correspondence, where the data of a function f in the upper half
of the complex plane is related to ®,Qp, which in turn is related
to R = 0H

@ Possible interpretation of the »L(s, f) as the Mellin dual of the
p-artons and hence to construct Hecke-'like’ operators on them.

Thank You
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